CONSTRUCTIONS OF ENVELOPING ACTIONS 



DAMIAN FERRARO 

Abstract. We give a necessary and sufficient condition for the existence of 
the enveloping action of a partial action on a C*-algebra. The construction of 
the enveloping action is first performed in a purely algebraic context to explore 
O ' the possibility of extending the result to general algebras. 



Introduction 

At the set theoretic level a partial action a of a group G on a set X is a pair 
a = ({at}t<EG, {Xt}teG) such that: at : X t -i — s> Xt is a bijection, X e = X, a e is the 
identity on X, at(X t -i HX S ) = Xtf)Xt s and the restriction of a s t to X t -i s -i fll t -i 
is a s o at. The action is global if Xt = X for every t 6 G. 

If {3 is a partial action of G on a set Y, a morphism (f> : a — > (3 is a function 
4> : X — > Y such that 4>{X t ) C Y t and fit<t> = <j>o-t- The restriction of /3 to the set 
Z C Y is the partial action 7 such that 74 is the restriction of f3 t to Z t := Z P\Y t . 

An enveloping pair of a is a pair (/i, /3) such that /3 is a global action of G on a 
set Y, n is an isomorphism from a to the restriction of (3 to /x(X) and Ll{f3 t (ii(X) : 
t G G} = Y; ft is called an enveloping action and Y an enveloping space. Two 
enveloping pairs of a, /3) and (1^, 7), are isomorphic (as enveloping pairs) if there 
exists an isomorphism <j) : j3 — > 7 such that <f> o fi = v. 

In [1] F. Abadie proves that every partial action has an enveloping pair which 
is unique up to isomorphism. Moreover, this is also true in the context of contin- 
uous partial actions on topological spaces. But the topological properties of the 
enveloping space may be different form those of the original space. For example, 
if the original space is locally compact and Hausdorff (LCH) the enveloping space 
may not. This fact is related to the existence of enveloping pairs in the context of 
commutative C*-algebras pQ. 

A partial action a of the group G on the algebra A is a set theoretic partial action 
such that every A t is an ideal of A and at is a homomorphism (multiplicative and 
linear). A morphism of partial action on algebras is a morphism of actions which is 
also a homomorphism. A pair (//, /3) is an enveloping pair of a if fj, is an isomorphism 
from a to the restriction of j3 to the ideal ^l(A) and (3[n(A)] := span{/3 4 (/i(A)) : t 6 
G} = B, here B is the algebra where (3 acts. Two globalizations are isomorphic if 
they are isomorphic as set theoretic partial actions through a morphism of algebras. 
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Dokuchaev and Exel [2] gave a necessary and sufficient condition for the existence 
of an enveloping pair for partial actions on unital algebras. But the non unital case 
is still open and it is not known if enveloping pairs are unique up to isomorphisms. 

In the context of C*-algebras the definition of (C*-)partial action are almost the 
same as in the algebraic situation. We require the morphism to be *— preserving, the 
ideals closed and we say (/z, ft) is a C*-enveloping pair of a if /j, is an isomorphisms 
from a to the restriction of ft to the ideal /J,(A) and ft[n{A)\ is dense in B. In case 
G is a LCH topological group, to say a is a partial action of G on A we also require 
the continuity of 

{(a,t) £ Ax G : a e A t -i} -> A, (a,t) i-> a t (a). 

We will not make any assumption about the continuity of the family of ideals of a 
because that is a necessary condition for the existence of an enveloping pair. 

The uniqueness of enveloping pairs, up to isomorphisms, was proved by F. Abadie 
in pQ, where he also gives a criterion to determine the existence of enveloping 
actions for partial action on commutative C*-algebras. The result of Dokuchaev 
and Exel mentioned before is valid in this context, this can be proved making minor 
modifications to their construction of the enveloping action. We will obtain this 
(Corollary 12. 7[) as a consequence of our main theorem. 

The aim of this work is to give a necessary and sufficient condition for the 
existence of enveloping actions of LCH groups on C*-algebras, this is done in the 
last section of this article. In the first part we deal with those computations that do 
not involve *-topological arguments, so we work with partial action on algebras and 
we will make some assumptions that clearly hold in the C*-algebraic framework. 

1. Partial action on algebras 

1.1. Algebraic notation. As the reader will note, most of the definitions we are 
going to use are modifications of the ones that appear in [T] and [5] . 

The letters A and B will represent k— algebras and I an ideal (always bilateral). 
The intersection of the left and right annihilator of / in A is the set Ann(J, A) := 
{a e A | ab = ba = V b 6 I}. The annihilator of A is Ann (.A) := Ann(A, A). 

A multiplier of A is a pair (L,R) of linear functions L, R : A — > A such that 
L(ab) = L(a)b, R(ab) = aR(b) and aL(b) = R(a)b for all a, b £ A. For the multiplier 
m = (L, R) we will use the notation ma := L(a) and am := R(a). 

The multiplier algebra of A, denoted M(A), is the set of multipliers of A with 
coordinate- wise addition and scalar multiplication and the product (L, R)(L' , R') = 
(LL',R'R). 

For every ideal / of A there is a canonical map <j> : A — > M(I) where <fi(a)j := aj 
and j(j>(a) = ja. It is immediate that Ker(^) = Ann(J, A). Then, for I = A, (f> is 
injective if and only if Ann(A) = {0}. 

1.2. Construction of an enveloping action. Given a partial action a on an 
algebra we want to attack two problems. One is to find conditions, on a, that 
ensure the existence of enveloping pairs and the other is to find conditions that 
ensure the uniqueness of this pair, up to isomorphisms. 

In this section we assume a is a partial action of G on the algebra A and (/i, ft) 
is an enveloping pair of a. The algebra where G acts by means of ft will be named 
B and it will be convenient to say (n, ft) has trivial annihilator if Ann(£?) = {0}. 



CONSTRUCTIONS OF ENVELOPING ACTIONS 



3 



To try to solve the first question let's try to describe (/z, /?) with structures based 
on a. 

The set of functions from G to A, J*(G, A), is a k— algebra with point wise oper- 
ations. Each element of J"(G, B) defines a multiplier of T(G, A) because T(G, A) 
is isomorphic to the ideal T(G, fi(A)) of J"(G, B). The multiplier associated to 
/ G F(G, B), m,f, is given by 

(m/c)(r) := /j _1 (/(r)/j(c(r))), (cm/)(r) := /x _1 (/x(c(r))/(r)). 

There is also an inclusion t : _B — >• T(G,B) where t(6)(r) = (3 r -i(b). This gives 
us a map 7r : £> — ► M(J 7 (G, A)), ir(b) — m^ b y 

Remark 1.1. Ker(7r) = Ann(B). 

Proof. As /x is injective 6 £ Ker(7r) iff b(3 r (fi(a)) = f3 r ([i(a))b = for every r 6 G 
and oeA That is to say 6 G Ann(B) because = B. □ 

On the other hand we have a representation of G in the group or automor- 
phisms of F{G,A), Aut(J : (G,A)). This representation is A : G -> Aut(J : (G, A)), 
A s (/)(r) = /(s-V). 

The proofs of the following facts are left to the reader. 

Lemma 1.2. J/m = (L, i?) G M(7"(G, A)) and s e G then 

Ad s (m) := (X s LX s -i,X s RX s -i) G M(J-(G,A)). 

Besides, Ad is a global action of G on M(J 7 (G, A)), in other words Ad : G — > 
Aut(M(J-(G, A))) is morphism of groups. 

Lemma 1.3. 7r : (3 — > Ad is a morphism of actions. 

From the previous Lemma it follows that tt(B) is an invariant subalgebra of 
M(J r (G, A)), that n(fi(A)) is an ideal of w(B) and that Ad[n(/j,(A))] = n(B). 

Definition 1.4. The adjoint pair of (/j,, f3) is (/j,',Ad'), where fi' = it o fi and Ad' 

is the restriction of Ad to n(B). In this situation w, // and Ad' will be called the 
adjoint morphism, inclusion and action of((i,f3), respectively. 

It is clear that fi' : a — > Ad' is a morphism and is natural to ask if the adjoint 
pair is an enveloping pair, if it is, it should be isomorphic to the original enveloping 
pair and will be determined by it's adjoin morphism. 

Lemma 1.5. Ker(^/) = ^ 1 (Ann(B)). Besides, for every t G G, 

H'(A) n M(AA)) - * \M(A) n ifrMA)) + Ann(S))] . 

Proof. Note that //(a) = iff fi(a) G Kcr(7r) = Ann(_B). This implies the first 
claim. The inclusion D in the second claim is immediate. For the other one take 
x G //(A) n Ad' t (n'(A)). There are a, b G A such that x = //(a) = Ad t {^'{b)). As 7r 
is equivariant /x(a) - S Ker(7r) = Ann(B). So /x(a) G n (f3 t (fj,(A)) + 

Ann(_B)), which implies what we want to prove. □ 

The idea of representing the enveloping action in the multiplier algebra was 
sugested to me by F. Abadie. The original construction of the enveloping action, for 
C*-algebras, was different from the one we exposed here and was based on algebras 
generated by relations. Having the multiplier algebra M(J r (G,A)) to represent 
enveloping actions simplifies many arguments. 
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Up to here the situation is quite general and, thinking on C*-algebras, it is 
natural to think that we are looking for enveloping algebras with trivial annihilator. 
We get an immediate consequence. 

Corollary 1.6. If an enveloping pair of a partial action has trivial annihilator then 
it is isomorphic to it's adjoint pair. 

Proof. With the notation of the previous Lemma, p! is injective and 

p'(A) n Ad>(p>(A)) = tt(p(A) n Mp(A))) = ^p(A t )) = n'{A t ). 

This proves that (p,',Ad') is an enveloping pair of a. The second claim follows 
immediately from the fact that tt : (3 — > Ad' is an isomorphism of actions such that 
7T o p = p! . □ 

Now we give a tool to identify isomorphic enveloping pairs. 

Theorem 1.7. Two enveloping pairs of a with trivial annihilator are isomorphic 
if and only if their adjoint inclusions are equal, in which case their adjoint pairs 
agree. 

Proof. Take to enveloping pairs of a, (p, f3) and [y, 7), and call B and C the algebras 
where f3 and 7 act, respectively. 

If p! = y' then the adjoint actions will be equal because both will be the re- 
striction of Ad to Arf[,u'(A)]. Then (p, /?) is isomorphic to (f, 7) because both are 
isomorphic to their enveloping pairs and those pairs are equal. 

To prove the direct implication let's assume that p : (3 —> 7 is an isomorphism 
such that pop = v. Note that p! = v' iff, for every a, b G A and t e G, the following 
equalities hold: 

p-^fStipia^pib)) - v-\ lt (y{a))v{b)) and 

p-\p{b)f3 t {p{a)))= V -\ V {b) lt {v{a))). 
We prove the first equality, the other is left to the reader. 
p- 1 {P t {p{a))p{b)) = V - 1 { lt {v{a))v{b)) 

<=> p o p o / i" 1 (/3i(^(a))^(fe)) = v o v^ 1 (i t (v(a))v(b)) 
^p(f3 t (p(a)))p(p(b))= lt (v(a)Mb) 
«■ 7 t (p o p{a))p o p(b) = j t (v(a))v(b) 
«■ 7t(f(<0M&) = lt{v{a))v{b) 
This concludes the proof. □ 

In some cases this is easy to use. 

Corollary 1.8. If a is a partial action of G on the algebra A and Ann(j4 4 ) = {0} 
for every t E G then there is, at most, one enveloping pair of a (up to isomorphism) 
with trivial annihilator. In particular, this happens when each A t is unital. 

Proof. Assume there exists an enveloping pair (p, (3) with trivial annihilator. What 
we are going to do is to show that p! is determined by a. 
Take a e A, r e G and / e F(G, A) and note that 

[//(a)/](r) g p~ 1 (j3 r -i(p(A)) D p(A)) = A r -r. 
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On the other hand, for every d £ A r -i we have 

y{a)f]{r)d = M - 1 (/3 r - 1 ( M (a)) M (/(r)))d = ^OV* (/i(o))/i(/(r)d)) 

= H~ 1 {Pr- 1 (K aa r(f{r)d)))) = a r -i(aa r (f(r)d)). 

In a similar way we prove that d[//(a)/](r) = a r -i (a r (d)f(r))a. This uniquely 
determines //. So the is, at most, one adjoint inclussion. The rest follows from 
Theorem O □ 

We now want to give a necessary and sufficient condition for the existence of an 
enveloping pair with trivial annihilator. Of course that this will be quite general 
and useless in most cases. 

The family associated to the enveloping pair (/x, /3) is (Ft)teG where 

F t : Ax A t , F t {a,b) := /^(/^(//(a))/^))- 

Recall that the pair (//, Ad') is determined by p! and a. In turn, p! is determined 
by the family (F t )t<=G- This motivates the following definition. 

Definition 1.9. An enveloping family of functions for a is a family of functions 
(F t )tt£G such that: 

(I) each F t : A x A — > A t is linear on both variables and F e is the product of A. 
(II) for every t £ G and a, b, c £ A the following equalities hold: 

F t {a,bc) = F t (a,b)c, a t (F t -i(ab,c)) = aa t (F t -i (6, c)) 

and aF t (b, c) = at{F t -i(a,b))c. 

(III) if, besides, s £ G we also have that 

F t {F s {a,b),c) = F ts {a,F t {b,c)) and 

F t {a s -i [F s (a, b)],c) = F t (a, F ts -i (b, c)). 

(IV) a = iff F t {a, b) = F t (b, a) = for all t e G and b e G. 
(V) if a £ A t -i then 

F st (a,b) = F s (a t (a),b) and a st (F t -i s -i (b, a)) = a s (F s -i(b,a t (a))) 

for all s £ G and b £ A. 
(VI) a £ At every time that we can find b £ A and t £ G such that F s (a,c) = 
F s t(b,c) and F s (c,a) — at{F t -i s (c,b)) for all s £ G and c £ A. 

Two families of enveloping function are equal if for every t £ G the corresponding 
function agree. 

When working with C*-algebras we have to take into account the *— operation. 
But this adds only one equation and we get redundant information, see Lemma l2.4l 

With the next result we close this section. It does not give a useful characteriza- 
tion of those partial actions admitting an enveloping pair because the existence of 
the enveloping action (with trivial annihilator) depends on the existence of a family 
of enveloping functions. 

Theorem 1.10. The family of function associated to an enveloping pair of a, 
with trivial annihilator, is an enveloping family of functions for a. Moreover, each 
enveloping family arises in this way and the corresponding enveloping pairs are 
isomorphic iff their enveloping families are equal. 
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Proof. Conditions (I)-(III) and (V) are consequence of the fact that /i : a — » /3 is 
injective and a morphism. Meanwhile, (IV) follows form the fact that /3[/i(A)] = B 
and Ann(i?) = {0}. Finally, (VI) is a consequence of the fact that Adt and ix are 
injective and Ad t {n{A)) n fJ,(A) — n{A t ). 

For the converse take an enveloping family of functions for a, F = (F t )teGi arL d 
set fx : A -> M{T{G, A)) as 

[^(o)/](r) = f P -i(o,/(r)) and [//i(o)](r) = a r -i(*V(/(r), a)). 

The first three condition of Definition 11.91 imply that /x(a) is a multiplier and 
that fi is multiplicative and linear. The fourth condition implies that \xp is injective 
and the fifth that \x : a —> Ad is a morphism. 

Now let's define B := Ad\pt(A)] (the space generated by the orbit of n(A)). 
Clearly, this subspace is Ad invariant. To see show it is an algebra note that the 
third condition of Definition 11.91 implies 

Ad t { l i{a))Ad s { l i{b)) = Ad s {^{F s - H {a,b))). 

The previous equality implies Bfi(A) C n(A). Besides, the same equality together 
with the fact that \i is a morphism, implies that 

fi(A)Ad s ( P {A)) c Ad s (fi(F s -t(A,A))) c n{A.) C n{A). 

Then n(A)B C n(A) and we have that n(A) is an ideal of B. By the last property 
of the Definition [L9] Ad t (fi(A)) n fx(A) = /x(^ t ). 

Now let's prove that Ann(B) = {0}. Assume that J2i Ad Si (p{di)) G Ann(S). 
Multiplying on the right by elements of the form Ad t (n(b)) we conclude that 
Adti^i n(F t -i s . (aj, &))) = for all t G G and i £ A. As Ai t o /x is injective 
we have that Yli Ft- 1 s- ( a i> b) — for all t G G and 6 G A. Now we can say that 
^ Ad s Mai))f = for all / G T{G,A). 

On the other hand, to prove that / J^. (zz(ai)) = for every / G .F(G, -A) 
it is enough to show that J^i a r- 1 s i {F s -i ir {b 1 a,i)) = for all b G A and r G G. As 
/x : a — » A<i is an injective morphism we have that 

^a r -i S4 (F s -i. r (&,ai)) = O Ad r -i s .(/x(F s -i. r (&, a,))) = 

i i 

<^Ad r -i ^Ad s< (/i(iVi. r (Mi)))^ =0 
<^ ^ Ad r (^(6))Ad s ,(/i(a t )) = 0. 

i 

The last equality is a consequence of the fact that J^i Ad Si (/x(ai)) G Ann(£>). 

If /? is the restriction of Ad to £? then we clearly have that (/x, /3) is an enveloping 
pair of a with trivial annihilator and it's family of functions is exactly (Ft)t^G- 

To prove the last claim note that (/x, j3) is isomorphic to (is, 7) iff fi' = v', which 
is equivalent to the equality of the families of functions. □ 

2. Partial action on C*-algebras 

2.1. Discrete groups. The notation we are going to use for partial actions in 
C*-algebras is C*-the same we used before, except for the fact that it will be 
preceded by "C*-" (see the Introduction). This is done for two reasons, to stress 
the difference with the purely algebraic situation and because there will be some 



CONSTRUCTIONS OF ENVELOPING ACTIONS 



7 



situations where we want to think partial actions on C*-algebras in the purely 
algebraic and C*-algebraic case, simultaneously. 

Almost by definition, every C*-enveloping pair "contains" an enveloping pair 
with trivial annihilator. Indeed, if (fi, 0) is a C*-enveloping pair for a, considering 7 
as the restriction of j3 to f3[fi(A)] , (/i, 7) is an enveloping pair with trivial annihilator. 

As C*-algebras have trivial annihilator, C*-partial action have, up to equivalence, 
one enveloping pair with trivial annihilatoiQ (Corollary II .8|) . This agrees with the 
fact that C*-enveloping pairs are unique up to C*-isomorphism [T]. 

Surprisingly we will prove that a C*-partial action has a C*-enveloping pair iff 
it has an enveloping pair. 

Remark 2.1. If a is a partial action of G on the C*-algebra A and it has an 

enveloping pair, then for every a,b G A, t G G and approximate unit {uf\i of A t -i 
the net {at(uia)b}i is convergent. 

Proof. Assume 0) is an enveloping pair of a. Consider the elements and the 
approximate unit of the statement. The element fj, (0 (/ i ( a ))/ i (^)) satisfies, for all 
c 6 A t , 

cfi~ 1 (0(fi(a))n(b)) = n~ 1 (l3 t (n(a t -i(c)a))n(b)) = a t (a t -i(c)a)b. 

Then 

^ 1 {0(^(a))^(b)) = lima* (u l )F t (a, b) = lim a t (it; a) 6. 

i i 

□ 

This simple Remark is the key idea, it gives the necessary and sufficient condition 
for the existence of enveloping and C*-enveloping actions. 

Definition 2.2. A partial action on a C*-algebra satisfies property (NS) if is sat- 
isfies the thesis of the previous Remark. 

Remark 2.3. A C*-partial action a of G in A satisfies property (NS) iff there are 
dense subsets of A, Dq and D\, such that for evey a G Dq, b G D\ and t G G there 
is an approximate unit of A t -i, {ui}i^i, such that {at{uia)b}i e i is a convergent 
net. 

Proof. The direct implication is trivial. For the converse take a G Dq, b G D\ and 
t G G and let {ui}nzj be the approximate unit as in the statement. If {vj}j^j is 
another approximate unit of A t ~i then 

]imat(vja)b = lim lim at (Vj)at(uia)b = lima t (itia)6. 

j j i i 

Thus the limit depends only of a, b and t and exits for every approximate unit of 
A t -,. 

So we have a function F t : Do x D\ — > A t that sends a pair (a, b) to the limit 
described above. This function is bounded in the sence that ||F t (a, &)|| < ||a||||6||, 
so it has a unique bounded extention F t :ixi-> A t . But F t (a,b) = ctt(a)b for 
every a G Dq n A t -i and b G A, this implies the a satisfies property (NS). □ 

To clarify the exposition we group several computations in the next Lemma. 

Lemma 2.4. If a is a C*-partial action of G on A and (F t : A x A — > At)teG is 
a family of functions, then this is an enveloping family of functions for a iff 
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(I') Each Ft is linear on both variables and F e is the product of A. 
(IF) for every a,b,c £ A and s,t G G 

F t (a,b)* =a t (F t -i(b*,a*)), F t (a,bc) = F t (a,b)c, 

F t (F s (a,b),c) = F ts (a,F t (b,c)), aF t {b 7 c) = a t (F t -i(a,b))c. 
(Ill') if a G A t -i and b G A then F st (a,b) = F s (a t (a),b). 

Proof. The direct implication is almost immediate, we just have to prove the first 
equality in (IF). To do that use Theorem 11.101 and the computations in Remark 

EU 

For the converse note that the second equality in (II) and (V), of Definition ll.91 
follows immediately form (IF) and (III')- 

From the previous implications and (IF); (HI) follows by computing 

F t (a s -i[F s (a,b)],c) = F t (F s - 1 (b*,a*y,c)** = at (F t -i (c*, F s -i (b*, a*)))* 

= a t (F t -i(c*,a s -t [F s (a,b)*}))* = a ts -i (F s - lt (c*,F s (a,b)*))* 
= F ts -i (F s (a,b),c) = F t (a,F ts -i(b,c)). 

Under the hypothesis of (V), by (F), ab — for all b G A, thus a = 0. 
Finally, for a, b G A and t G G as in (VI), taking s — e we conclude that 
ac = Ft(b, c) G A t for all c G A. This forces a G At. 

□ 

Theorem 2.5. For a C*-partial action a the following statements are equivalent: 

(1) a has a C*-enveloping pair. 

(2) a has an enveloping pair with trivial annihilator. 

(3) a has a (unique) family of enveloping functions. 

(4) a has an enveloping pair. 

(5) a satisfies property (NS). 

Proof. The equivalence between (2) and (3) is the content of 11.101 Besides, it is 
immediate that (1) => (2) => (4), and (4) => (5) is the content of Remark |2~T1 
Now all we have to prove is (5) => (1). Basically, what we are going to do is to 
construct an enveloping pair from an enveloping family of functions and form there 
the enveloping action. 

Remark 12.11 indicates how to define the family of enveloping functions. Given 
a, 6 G A, t G G, c G At and an approximate unit {ui}i we have that 

c\imat(uia)b = ctt(ct^ 1 (c)a)b, and (lim at(uia)b)c — atiaa^ 1 (be)). 

i i 

This uniquely determines the limit and implies it is independent of the approx- 
imate unit. This allows us to define Ft : A x A — ^ At as F t (a,b) = liim, at (uia)b. 
Now we prove that (Ft)teG is a family of enveloping functions using Lemma l2~4l 

For convenience {u\}i will denote an approximate unit of A t . We are not assum- 
ing the index set is the same for different t. We start by proving 

Ft (a, b)* = lim b*ott(a*u\ ) = limlimai ( a f -i (u*&*)a*w* ) 
= lim a t (F t -i(b*,a*)ul J = a t (F t -i (b*, a*)) . 



CONSTRUCTIONS OF ENVELOPING ACTIONS 



9 



The second equality of (IF) follows directly form the definition of Ft. In the third 
one both sides of the equation are limit of nets in At fl At s , so it suffices to show 
that dF t {F s (a,b),c) = dF ts (a, F t (a,b)) for all d e A t n A ts . Now 

dF ts (a,F t (b, c)) = a ts (a s -i t -i(d)a) F t (b,c) = a t (a t -i [a ts (a s -i t -i(d)a) b]) c 
= a t (a s (a s -i t -i(d)a) b)c — a t (a t -i(d)F s (a, b)) c 
= dF t (F s (a 7 b),c) 

The last equality in (IF) is 

aFt(b,c) =\\mu t i aF t {b 1 c) — \\Ttvat{a t -i{u\a)b)c — a>t(F t -i(a,b))c. 

i i 

In (IIF) the elements of both sides of the equality belong to A st f)A s so it suffices 
to show that dF st (a, b) = dF s (a t {a), b) for every d £ A st (~l A s . But 

dF„(a t (a), b) = a s (a t [a t -i s -i(d)a]) b = a st (a t -i s -i(d)a)b = dF st (a, b). 

We have proved a has a family of enveloping functions. Let fi F : A —¥ B and 
/3 F be as in the proof of Theorem 11.101 and J 7 B(G,A) the C*-algebra of bounded 
functions from G to A with point wise multiplication and the supremum norm. 

The algebra J 7 B(G, A) is invariant for A : G — > F(G,A). This gives a natural 
action 7, in the context of C*-algebras, of G on M(J 7 B(G, A)) defined by the same 
formula as Ad. 

Consider the algebra Inv(J r B(G, A)) formed by all the multipliers T of T(G, A) 
such that TTB(G,A) c TB{G,A) and J r 6(G,A)T c TB{G,A). This algebra is 
invariant for Ad : G — > M(J-(G, A)) and contains B because it contains hf{A). 

The restriction map res : Inv(J-B(G, A)) — > M(TB(G, A)) is a morphism from 
Ad to 7. This implies fi := res o fip : a — > 7 is a morphism. It is also injective and 
a *— homomorphism (this follows from direct computations). 

Let A e be the closure of 7[/Lt(A)] and a e be the restriction of 7 to A e . We claim 
that (n,a e ) is a C*-enveloping pair of a. Indeed, /1 is injective and a morphism of 
C*-partial action and the orbit of n(A) is dense in A e . 

As A e = res((3 F [n F (A)]) and fj, F {A) is an ideal of P f \pf (A)], fi(A) = res(fj, F (A)) 
is an ideal of A e . Besides 

yt(n(A))n 11(A) = yt(ji(A))ii(A) = res(0 F (fx F (A))MA)) C res(fx F (A t )) = fi(A t ). 
This completes the proof. □ 

2.2. Continuous partial actions. In this, the last section, we consider the prob- 
lem of finding an enveloping action of a continuous partial action of a locally com- 
pact and Hausdorff (LCH) group on a C*-algebra. In virtue of Theorem 2.1 of [T] 
this is action will be unique up to isomorphisms, this fact is implicit in the next 
arguments. 

If G is a LCH group, Gd will be the same group but with the discrete topology. 
A C*-partial action of G in A is a C*-partial action a of Gd in A such that 

{(t,a) e G x A : aeA f -i}->A, (t,a) -t a t (a), (2) 

is continuous with the topology relative to G x A. Here we do not require the 
continuity of the family {A t }teG because that is a necessary condition for the 
existence of an enveloping action. 
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This notation is coherent with the one we used for discrete groups. To emphasize 
the difference with the previous situation, we will write ad when we are speaking 
of a as a partial action of Gd- 

Rephrasing the definition of enveloping actions given by F. Abadie in [I], we get 
that an enveloping pair of a is apair (//, (3) where j3 is a C*-global action of G 
and (fx, (3d) is a C*-enveloping paiio of oid- Thus, every C*-enveloping pair of a is a 
C*-enveloping pair of ad- 

This says that a has an enveloping pair if and only if ad has an enveloping pair 
(/j,, (3) with f3 continuou^. But we have a description of (3), the one in Theorem 
12.51 so we have to find a way to say (3 is continuous without mentioning (3. 

The continuity of /?, in the sense of ([2|), is equivalent to the continuity in the 
identity element e G G of the function G — > B, 1 1-> /3t(/x(a)), for every a G A We 
have that 

WPt(Ka)) -M( a )ll = sup sup \\/3 t (n(a))g(r) - fi(a)g(r)\\ 

\\g\\<lreG 

= sup \\F rt {a,b) - F r (a,b)\\, 

||6||<1, reG 

Theorem 2.6. Let a be a C*-partial action of a LCH group G on a C*-algebra A. 
Then a has a C '-enveloping pair (that is, has an enveloping action in the sense of 
if and only if 

(1) ad satisfies property (NS) and, 

(2) If (F t )t£G *s the unique enveloping family of functions for ad given by 
Theorem \2.5\ then for every a G A 

lim sup \\F rt (a,b) - F r (a,b)\\ = 0. 

Proof. This follows from the previous discussion. By 1) and Theorem 12.51 an has 
an enveloping pair (/i, j3) and 2) says j3 is continuous. 

For the converse assume a has a C*-enveloping pair, thus ad has a C*-enveloping 
pair and so satisfies property (NS). By the uniqueness this enveloping pair is iso- 
morphic to the enveloping pair of ad constructed in Theorem 12.51 and this pair is 
continuous, thus 2) holds. □ 

The algebraic version of the next result is due to Dokuchaev and Exel [2] . 

Corollary 2.7. A C*-partial action of a LCH group G on the unital algebra A has 
a C*-enveloping pair (i.e. an enveloping action) if and only if each A t is unital, 
with unit l t , and the function G — > A, 1 1— > l t , is continuous in the identity of G. 

Proof. If a has a C*-enveloping action j3, where f3 acts in P>, then l^/^l^) is the 
unit of At and clearly t t-y Ia^O-a) is continuous. 

Reciprocally, ad satisfies property (NS) because for each t we may choose the 
approximate unit {l t } and there is no limit to consider. In this situation we have 
F t (a,b) = at(l t -ia)6, thus 

F rt {a, b) - F r (a, b) = (a rt (l t -i r -ia) - a r (l r -ia)) b, 



C*-enveloping pairs for discrete groups were previously defined. 
^The continuity of the action in one of this pairs implies the continuity of the action of all the 
other enveloping pairs of ay because they all are isomorphic. 
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and the supremum in the previous Theorem is sup rgG ||a r t(l t -i r -ia) — a r (l r -ia)||. 

To give an upper bound to that supremum we need the following facts: 1* and 
l s commute because l s l t and l t l s are the unit of A t (~l A s , l t + l s — l s lt is the 
identity of A t + A s , l t + l s — l s l t < l t + l s and a t (l t -il s ) = l t l ts . All this is used 
to deduce that 

||art(li-ir- ia ) - Ov(lr- ia )l| 2 

< || (a rt (l t -i r -ia) - a r (l r -ia)) (l rt + l r ) (avt(lt-ir- ia ) - a r {l r -ia))* \\ 

< II (a rt (l t -i r -ia) - a r (l r -ia)) (l rt + l r )||||o||2 

< 2 1| cz. || (||a rt (l t -i r -ia) - l rt a r (l r -ia)|| + ||a r (l r -ia) - l r a rt (l t -i r -io)||) 
The first summand in the last line is 

||ovt(li-ir-ia) - a rt (l t -i r -ia t -i(l t a))\\ < \\a - a t -i(l t a)\\, 
and the second one is 

||a r (l r -io) - a r (l r -ia t (l t -io))|| < ||a - a t (l t -ia)\\. 
Thus, for every r G G, we have 

||a rt (li-i r -ia) - a r (l r -ia)|| 2 < 2||a|| (||a - a t -i(l t a)\\ + \\a - a t (l t -io)||) . 
This, together with the continuity of a and t M> l t (in the identity) implies 
lim sup \\F rt (a,b) — F r (a,b)\\ = 0. 

||6||<1, reG 

□ 
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